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Abstract

Darboux transformation is constructed for superfields of the super sine-Gordon
equation and the superfields of the associated linear problem. The Darboux
transformation is shown to be related to the super Bicklund transformation and
is further used to obtain N super soliton solutions.

PACS numbers: 02.30.1Ik, 12.60.Jv

There has been an increasing interest in the study of supersymmetric integrable systems for
the last few decades [1-20]. Among the many techniques used to study integrability and to
obtain the multisoliton solutions for a given integrable model, the Darboux transformation’
has been widely used and it has established itself as an economic, convenient and efficient
way of generating solutions [21-23]. The Darboux transformation has been employed on
some supersymmetric integrable models in recent years [15, 16]. In these investigations
multisoliton solutions have been constructed and the ideas are generalized to incorporate
the Crum transformation, the Wronskian superdeterminant and Pfaffian-type solutions. The
super soliton solutions of the super KdV equation and super sine-Gordon equation have been
investigated and it has been shown that the solitons of the KdV and sine-Gordon solitons
appear as the body of the super solitons [12—16].

The purpose of this work is to provide a thorough investigation of the Darboux
transformation for the super sine-Gordon equation in a systematic way and to obtain the
explicit super multisoliton solutions by a Crum-type transformation. Following [17], we
write a linear problem in superspace whose compatibility condition is the super sine-Gordon
equation. The linear problem then leads to a Lax formalism in superspace. We explicitly write
the Darboux transformation for the fermionic and bosonic superfields of the linear system and

' On study leave from PRD (PINSTECH) Islamabad, Pakistan.

2 Originally the Darboux transformation was first introduced by Darboux back in 1882, in the study of pseudo-
spherical surfaces and later used to generate solutions of the Sturm-Liouville differential equation. The Darboux
transformation has now widely been used to generate multisoliton solutions of integrable as well as super integrable
evolution equations.
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for the scalar superfield of the super sine-Gordon equation. The approach adopted here is
different from that adopted in [15]. In [15], the authors have not explicitly constructed the
Darboux transformation and N-soliton solutions for the super sine-Gordon equation. We have
extended the results of [15] to give N super soliton solutions of the super sine-Gordon equation
in terms of known solutions of the linear problem and express it as a series of products of
super determinants and fermionic superfields. The Darboux transformation is then shown to
be related to the super Biacklund transformation of the super sine-Gordon equation [5].

We follow the general procedure of writing manifestly the supersymmetric sine-Gordon
equation. The equation is defined in two-dimensional super-Minkowski space with bosonic
light-cone coordinates® x* and fermionic coordinates 6%, which are Majorana spinors. The
superspace Lagrangian density of N = 1 super sine-Gordon theory is given by

i
L(D) = §D+d>D_CI>+cos o, (D
where @ is a real scalar superfield and D, are covariant superspace derivatives defined as
0 . .
Dy = ooz —1070s, Di = —io-, {Dy, D_} =0,

where {,} is an anti-commutator. The superfield evolution equation follows from the
Lagrangian and is given by
D.D_® =isin ®. 2)
Equation (2) is invariant under N = 1 supersymmetry transformations.
Let us first recall that the super sine-Gordon equation appears as the compatibility
condition of the following linear system of equations [17]:
DV = ALV, 3)

where the superfield W is expressed in terms of bosonic and fermionic superfield components
as

v
V=19].
X
where v, ¢ are bosonic superfields and x is a fermionic superfield and .4 are 3 x 3 matrices
given by
0 0 iel®

1 A
Ay = ——%= 0 —ie®],
2ﬁ —e id id 0
iD_® —i
NI
_ iD_®
A= \/X 0 _T 1
-1 1 0
The zero-curvature condition in superspace
DiA_+D_A, —{A,, A} =0, “4)

gives equation (2). The zero-curvature condition (4) is essentially the compatibility condition
of the linear system (3). As in the bosonic case, the zero-curvature condition of the super sine-
Gordon equation gives a Lax representation; one can directly find the bosonic Lax operator

3 Our spacetime conventions are such that the orthonormal and light-cone coordinates are related by x* = %(t +x)
and 91 = (3 £9,).
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for the supersymmetric case such that the given operators obey the Lax equation. The Lax
equation gives the evolution of the spectral problem and solves the super sine-Gordon equation
in the spirit of the inverse scattering method* [17].

The Darboux transformation is used to generate multisoliton solutions of integrable as
well as super integrable evolution equations. Given a superfield equation (2) and its associated
linear system (3), one can construct a Darboux transformation on the superfields ¥, ¢ and x
of the linear system (3) and on the sine-Gordon superfield ® such that the new transformed
fields obey the same differential equations for the value of the spectral parameter A = . The
one-fold Darboux transformation for the system (3) is given by

A A
V(o) = YIIGo: 1) = 20 b (o) — 1 2D 060 iV 220 ),

" 00) Y1 ()
Yi(A1) ) x1(A1)
A 11(Ao; A1) = A Ao) — A Ao) — AoA Xo), 5
@ (ho) = @ [11(ho; A1) oY (Ao) 1¢1(?»1)¢( 0) — 1y Ao l¢1(k1)X( 0) 5)
A A
x(o) = x[11(hoi A1) = —(ho + A1) x (o) + xm%wo) + \/ml% ¢ (1),

where ¥ (Ao), ¢(Xo) and x (1) are the solutions of the system (3) with A = Ay and
Y1), ¢1(A1) and x;(r;) are the solution of the system (3) with A = A;. The
functions ¥ [1](Ao; A1), [11(Ao; A1) and x[1](Ag; A1) are solutions of the system (3) with
@ transforming as

Y1(A1)
p1(M1) "
where ®[1](A¢; A1) is a new solution of equation (2) provided that the superfields v, ¢ and x

transform according to the transformations given in (5).
Similarly, one can have the following transformations:

D (o) = P[L](Ao: A1) = P(Ao) +1ln (6)

00 _y o0k _ g9y P11 %

vi(A)’

(®)

D_® (ko) = D-_®[1](ho; 1) = =D-D (%) +\/;1[X1<M> N xl(m)} 7

Yi(h)  d1 (A1)

Dy® (ko) — Ds®[11(h0; 1) = Dy® (k) — ey X1 ”M)M} O

2V |:e Yi(h) d1 (A1)

In these transformations, ®[1] is another solution of the super sine-Gordon equation (2) with
A = XA¢ generated through the Darboux transformation. In fact the solution ®[1] is expressed
in terms of solution ® (Ag) and particular solutions v (A1) and ¢; (1) of the linear system (3)
with A = A4.

To establish a connection between the Darboux transformation and Bécklund
transformation of the super sine-Gordon equation (2), we write I' = Yoand k = X and

¢ v
express equation (8) in terms of I" and £ as 1 l
D_®[1]=—-D_®+/A [k+kT].
Now eliminating I" and k by a transformation I' = expi(® — ®[1]) and f = k+/T, we have

<I>—<I>[1]>

5 (10)

D_(® + ®[1]) = 2/, f cos (

4 We can also have a gauge equivalent description of the linearization and the Lax operator solves the isospectral
problem for the gauge transformed eigenfunctions.
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where f is another fermionic superfield. In the same manner we can find the other part of the
Bécklund transformation, from equation (9),

1 ® + ®[1]
1

The superfield f is subjected to the following conditions:

D.f— i in(c1>+c1>[1]) a2)
ARV 2 )
D_f = —2iL\/’; sin (w) . (13)

Equations (10)—(13) are exactly the Backlund transformation of the super sine-Gordon equation
already obtained in [5]. The super soliton solution can be obtained by taking & = 0 in (6) to
give a solution of the linear problem (3) as

Y (xE,0%) = AFOF, 07 ) exp(n) + Ay (6F, 07) exp(—n),
P (x*,0%) = AJ(0", 07 ) exp(n) — Ay (0%, 07 ) exp(—n),
x(x%,60%) = A1(6%,07) exp(n),

where Aoi(0+, 0~) are even supernumbers and A;(6*,67) is an odd supernumber and
Lx* + Ax~. By substituting this, one can obtain a single super soliton solution as

n"=u
1+ Ap(6%,07) exp(—2n) ]
1 — Ag(6*,0 ) exp(=2n) |’

where Ay(0%, 67) is some even supernumber. The two super soliton solution can be obtained
from the two-fold Darboux transformation as

Y]
¢1[1]
i |:A}2[2] +i«/mX12j|
ALR2]+ivAAa X ]

<I>[1]=iln|:

®[2] = ®[1] +iln

where
Al[2] = det ()\1¢1 )»2¢2) ’

Y1 )

A )»21/f2>

2 —
A2,[2] = det ( A

X2 = xix2-
Similarly, the three super soliton solution as obtained by using the three-fold Darboux
transformation is given by

Y[2]
¢112]

[ AL+ iVAAs (A + A2) (A1 + A3)AT[1]1X03 ]
+ivAAs (A + A2) (Ao + A3) AN[1]1X 13
+ivA A (A + A3) (A2 + A3) A[1]1X 1o

A3 L[3]+ivAaAs (A + A2) (A + A3) AT[1]X03
+iv/AA (A +A2) (Ao + A3) AJ[11X 13
+ivAha (A +A3) (A + A3) AZ[1]1X 1o

®[3] = ®[2] +iln

=1iln
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where the determinants in the above expressions are given by

My Ay A Mo A

Alpl3]=det | Mpr  ragy A3 |, AL3l =det | My Aoy
1 Yo Y3 o) o)
AL = Y, AF[1] = ¢, Xij = XiX;-

233
A3 ],
®3

The super N-soliton solution is obtained by iteration to the N-fold Darboux transformation

PN =t |:{ Z Z (i)MV )"kl)‘kz t )\']QM P12...}1}2.._7<2M‘..N (N —

all possible ki <ky<---<koy
pairings M

2M)

Ok

1
|:A12 Kok N[N 2M] +—\/A1 )\k])\kz. ka...

X X g fikyediay NN — ZM]] Xy kykeong [QM]}/

{ Z Z (I)M )\‘kl )"kz te )"kzM P12...]21122.,,122M...N(N -

all possible kj <k <---<kom
pairings M

AN

2M)

™

X |:A?2..A]}1]}2A..]}2M...N [N —2M]+ _\/)‘1 )‘kl)‘kz )\'kZM AN

X X12<~~1211€2~~/§2M---N[N - 2M]:| Xk.kz---kZM [2M] }:| ,

(14)

where 0 < M < % In formula (14), the caret above a term or an index means that it is
to be omitted from the product and the sum runs over all permutations. If k\k; - - - kpy, are
omitted indices and 12 - - - N — 2M are unomitted indices, then the polynomial Py ¢ ).ty N

(N —2M) is given by

Py ity oy (N = 2M) = (g + Ag ) (M + 2k) -+ (A1 + Ay, )

(Ao + 2k (A2 + k) -+ (Ao + Ak ) o+ (v + A ) (A + A) - (A + k)
with  Pio.y(N) = Pp5.5(0) = 1.

The other components in formula (14) are defined as

M7 A ATy ANy
M7 7 A ey o AN o
Al, yINT = det ,
A1 ypY0) A33 oo ANy
Y1 V) Y3 YN
Mo A A Tes o AN o
M7 57 ATy AN Y
AL, y[N]T = det ,
Ay Ao A3z - ANYN

o1 053 o3 e oN




7318 M Siddiq et al

X 1o dihyoday NN —2M] = X1X2+* Rbey Kby *** Rbary * ** Xnv» With [N — 2M] even,
Xiiky o [2M] = Xt Xko ** * Xkous »

In formula (14), the term X12---121122---122M-~N[N — 2M] will only appear when N is even.

In summary, we have investigated the Darboux transformation for the super sine-Gordon
equation and obtained explicit transformations on the sine-Gordon superfield as well as on
the superfields of the linear system associated with the equation. We have also established a
connection between the super Darboux transformation and the super Bicklund transformation
of the equation. At the end of the paper, we have used the Darboux transformation to obtain
N super soliton solutions of the equation and the solution appears in the form of the product
of Wronskian determinants and even number of fermionic superfields.
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